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Abstract
Oral epidemiology involves studying and investigating the 
distribution and determinants of dental-related diseases in 
a specified population group to inform decisions in the man-
agement of health problems. In oral epidemiology studies, 
the hypothesis is typically followed by a cogent study design 
and data collection. Appropriate statistical analysis is essen-
tial to demonstrate the scientific association between the 
independent factors and the target variable. Analysis also 
helps to develop and build a statistical model. Poisson re-
gression and its extensions have gained more attention in 
caries epidemiology than other working models such as lo-
gistic regression. This review discusses the fundamental 
principles and basic knowledge of Poisson regression mod-
els. It also introduces the use of a robust variance estimator 
with a focus on the “robust” interpretation of the model. In 
addition, extensions of regression models, including the ze-
ro-inflated model, hurdle model, and negative binomial 
model, and their interpretation in caries studies are re-
viewed. Principles of model fitting, including goodness-of-fit 
measures, are also discussed. Clinicians and researchers 
should pay attention to the statistical context of the models 
used and interpret the models to improve the oral and gen-
eral health of the communities in which they live.

© 2018 S. Karger AG, Basel

Epidemiology involves studying and investigating the 
distributions and determinants of a disease in a specified 
population group to make informed decisions in control-
ling health problems [Last and International Epidemiolog-
ical Association, 2001]. Oral epidemiologists are no excep-
tion to this definition. In oral epidemiology studies, the 
hypothesis is typically followed by a cogent study design 
and data collection. Statistical analysis is needed to dem-
onstrate the scientific association between the independent 
factors and the target variables. Point and interval esti-
mates of important variables often serve as the primary 
outcome of a study and guide the study design such as sam-
ple size determination [Petrie et al., 2002b]. Oral epidemi-
ologists are also interested in any factors that show an as-
sociation with the primary outcome. Socio-economic fac-
tors, for example, are often included in caries research. 
Oral health status has been shown to be associated with 
social gradients in many studies across the world [Sheiham 
et al., 2011]. The relationship between health outcomes 
and these independent factors may be described in many 
approaches. A bivariate relationship may be presented in 
tables, charts, curves, and even pictograms, and there are 
many visualization tools available [Chen et al., 2008]. 
However, multivariate relationships are more difficult to 
visualize on a piece of paper or a computer monitor.

Statistical models serve as a language and means of 
presentation to demonstrate the multivariate relationship 
of a study by considering all relevant (but not necessarily 
significant) factors, all at the same time. It is necessary for 
researchers to understand the assumptions of construct-
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ing statistical models in order to validly interpret them. 
They should be familiar with the nature of such models 
for a critical review of the evidence generated. In fact, 
many syllabi of a postgraduate clinical programme in-
volve critical appraisal of academic articles, including the 
use of proper statistical analysis and modelling. Conse-
quently, the proper application and interpretation of sta-
tistical models are essential for both researchers and read-
ers to elicit the complex relationship between the target 
health outcomes and the covariates.

Statistical models should be accurate enough for the 
task of the researcher [Krzanowski, 1998]; hence, models 
should serve to reach the objectives of the oral epidemio-
logical studies. In statistical terms, models may serve 3 
main objectives [Shmueli, 2010]. Descriptive modelling 
aims at summarizing data, focuses on the measurement 
level and looks for associations between variables. Ex-
planatory modelling focuses on the construct level of a 
theoretical model and looks for causal relationships. Pre-
dictive modelling aims at predicting future observations 
from the input values. When a researcher applies a statis-
tical model in a caries study, it is important to match the 
objectives on both the statistical and the dental sides.

Poisson regression and its extensions have gained more 
attention in caries epidemiological studies than other 
working models such as logistic regression. In this paper, 
the basic knowledge on regression modelling is reviewed. 
This paper also discusses the use of the robust variance 
estimator, with a focus on the “robust” property of the 
model. Extensions including the zero-inflated model, hur-
dle model, and negative binomial (NB) are introduced. 
The paper also discusses measures of goodness of fit and 
their interpretation in the model selection process.

Poisson Regression Models in Generalized Linear 
Modelling

In generalized linear modelling, if y is a dependent 
variable (number of men with dental caries) and x is a col-
lection of independent variables such that x1, x2… xk are 
k different independent variables, a multivariate linear 
regression model is defined as: 

y = β0 + β1x1 + β2x2 + … + βkxk + ε,� (1)

where β0, β1 … βk are coefficients of their correspond-
ing independent variables x1, x2 … xk, and ε is the error 
term, because this model is almost impossible to obtain 
all of the y values exactly by considering only β and x val-
ues. There are many ways to obtain an estimator of all the 

β values. One common way is to minimize the squared 
value of the error term, i.e. ε2, which is known as the or-
dinary least square method. Apart from specifying the 
model, there are several important assumptions that a lin-
ear regression model must hold for a valid inference of 
the β. These assumptions may be stated in different ways, 
but essentially these 4 classical descriptions include most 
of the practical situations: (1) linearity and additivity be-
tween x and y, (2) homoscedasticity ε, (3) normally dis-
tributed ε against y, and (4) independence of ε and y (free 
from autocorrelation).

It is well known that these assumptions may not always 
be satisfied. For example, the absolute risk of caries of a 
person should never exceed 1. A person who has a high 
risk (determined by all independent variables in the mod-
el) may have an estimated caries risk greater than 1. This 
is called the convergence problem, and it may suggest, at 
least partly, a violation of assumption 1. To satisfy the as-
sumption requirements, some pretreatment on the vari-
ables may be done. One possible method is to transform 
y into another variable, say z, so that a linear regression 
modelling in z satisfies all of the required assumptions. 
The corresponding coefficients (β1, β2 … βk), which are 
originally modelled for z, have to be transformed back 
properly to a model for y for interpretation.

The method of transformation from y to z is called the 
link function. In Poisson regression, the link function is 
log(y). Hence:

z = log(y)� (2)
z = β0 + β1x1 + β2x2 + … + βkxk + ε.� (3)

To estimate the β values, a process called maximum 
likelihood estimation (MLE) may be used. The concept 
behind MLE is to answer the question: “Given the distri-
bution of y and the values of all independent variables (x), 
what are the most likely β coefficients?” Suppose we col-
lected samples from 200 participants in a study of the 
number of carious teeth in a man, denoted by y, following 
a Poisson distribution. Patient level factors, such as age, 
gender, and monthly income, were collected as indepen-
dent variables (x). MLE required us to write down, then 
maximize, a mathematical expression to describe the 
probability of obtaining such a sample by using a multi-
variate Poisson distribution, which was derived from 
equation 13 shown below. Since all the samples were col-
lected at the same time, the required expression was a 
multiplication of all 200 expressions.

One reason for the popularity of Poisson regression 
over logistic regression is direct modelling of the relative 
risk (RR) [Zou, 2004]. Logistic regression uses the link 
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function of log(p/1 – p), the log odds ratio which is ap-
proximately equal to the RR only if p is small [Schmidt 
and Kohlmann, 2008]. As we can see from above, the link 
function allows direct modelling of log(RR) using Pois-
son regression. The probabilistic interpretation, however, 
does not make direct medical sense because the “rate” of 
having new caries in a particular time period is log(RR). 
Derivation of Poisson distribution from the event rate 
concept is illustrated in the Appendix.

A Closer Look at Poisson Regression with Robust 
Variance Estimator

The use of Poisson regression with robust variance es-
timator (PRRVE) in oral epidemiological studies has 
gained popularity in recent years. The prevalence ratios of 
caries and fluorosis have been modelled against socio-eco-
nomic factors [Do et al., 2014]. Through the use of hierar-
chical PRRVE, oral health-related quality of life scores 
were found to be associated with number of untreated car-
ies and missing teeth [Feldens et al., 2016]. The prevalence 
ratio of dental pain was also associated with ethnicity and 
low socio-economic class [Boeira et al., 2012]. In addition, 
risk ratio values of 2 caries diagnostic criteria were com-
pared using dmft count and caries prevalence [Mendes et 
al., 2010]. Other published articles have shown that the 
dependent factors modelled with PRRVE included tooth 
pain experience [Ferraz et al., 2014] and sense of coher-
ence level (high or low) [Lage et al., 2017].

The rationale of PRRVE can be traced back to a sem-
inal paper published half a century ago [Huber, 1967]. 
The paper stated that MLE of β coefficients is consistent 
even when the working distribution is not true, meaning 
that MLE is close to the true mean when the sample size 
is large enough, regardless of what distribution is being 
worked with. This concerned the mean of the estimator 
(point estimation). The variance of the estimator (inter-
val estimation) was, however, investigated much later. 
Instead of using the moment-generating method to de-
rive the exact expression for variance, deriving the vari-
ance estimator from another mathematical expression, 
called the Fisher information, may adjust the confidence 
interval to be asymptotically valid even when the work-
ing distribution is not true [Royall, 1986].

A modified Poisson regression approach was pro-
posed about 2 decades after Royall’s work [Zou, 2004]. 
Zou used a logarithmic link function to transform the RR 
into a generalized linear modelling model, using Poisson 
distribution as the working model. While RR is actually 

binomially distributed, the Poisson regression model is 
actually misspecified. Using Huber’s [1967] and Royall’s 
[1986] result, the asymptotic mean and variance estima-
tors were derived [Zou, 2004]. A comparative study on 
different ways of modelling prevalence ratios showed that 
PRRVE provides correct estimates, superior to logistic re-
gression [Barros and Hirakata, 2003].

The undiscriminating use of the robust technique 
has not been without controversy. Freedman [2006] 
warned that model misspecification might exist in fac-
tor and model levels. Specifically, the term “robustness” 
in PRRVE refers to the robustness against selecting  
the wrong working model, but not against including  
the wrong factors in the model. Freedman provided a 
simple example showing that the exclusion of a correct 
independent variable will lead to incorrect estimation 
of the remaining parameters in the model which is not 
alleviated by the adoption of the robust variance esti-
mation technique [Freedman, 2006]. Barros and Hi-
rakata [2003] also warned that PRRVE suffers from a 
convergence problem and exhibited problems at the ex-
treme values of the independent variables, especially if 
the model includes any continuous independent vari-
ables.

Zero-Inflated Poisson Model, Hurdle Model, and NB 
Model

Some of the dependent variables in dental studies, 
such as the distribution of caries experience scores mea-
sured in dmft or DMFT in a group of samples, involves a 
significant proportion of zeros. Poisson regression, as 
seen in the Appendix, naturally has an equal mean and 
variance, hence the Poisson regression model is not flex-
ible enough to fit a high number of zeros. There are many 
types of extensions from the Poisson model to accommo-
date this problem. Zero-inflated Poisson (ZIP) regression 
is one of the most popular models in oral epidemiological 
studies. More specifically, a new parameter (ω) is intro-
duced to entertain the high proportion of zeros:

(4)( ) ( )P 0 1 .Y e �� � -= = + -
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[Ridout et al., 1998]. Estimating the new parameter ω may 
need a different set of covariates independently from 
those estimating λ, or possibly using the same covariates. 
By considering

(7)( )log log
1

,�
� �

�
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ω can be estimated by the same set of covariates as λ, and 
τ is referred to the scale parameter [Lambert, 1992]. In a 
ZIP model, the probability of y being zero came from 2 
sources, namely the parameter ω and the zero part from 
the Poisson distribution (1 – ω)e–λ. Some researchers 
have interpreted the former source as “structural zeros” 
and the latter as “sampling zeros” [Hu et al., 2011]. Other 
terms have included “excessive zeros” after the estimated 
zeros from the working distribution [Preisser et al., 2016] 
and “non-susceptible group” and “susceptible group” in 
the context of modelling health data [Preisser et al., 2012]. 
Interpreting ZIP models may be confusing when dental 
terminology is applied, such as defining “at-risk popula-
tion” and “caries severity” [Preisser et al., 2012].

Hurdle models provide an alternative for flexibility by 
modelling all the zeros separately from the non-zeros. A 
hurdle level is determined first, usually at zero. All sample 
data are then categorized based on whether the depen-
dent variables exceed the hurdle level, followed by con-
structing a zero-truncated working model for those past 
the hurdle. Without the loss of generality, the term “hur-
dle model” in this paper refers to the zero hurdle model. 
For example, the Poisson hurdle model [Ridout et al., 
1998] may be represented as:
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Apart from zero-inflated and hurdle models, the mean 
of the Poisson distribution, λ, may be modelled by an-
other distribution instead of being a constant. Gamma 
distribution is a popular choice. Instead of modelling the 
data directly with gamma distribution, the mean of a 
Poisson distribution may be modelled by a gamma distri-
bution with the result being called NB distribution (see 
the Appendix). The basic concept of gamma distribution 
is modelling the time required for the α-th event to hap-
pen in a Poisson process with a rate of β per unit time. NB 
distribution models the number of selected samples, an-
swering the question “what is the probability that, when 
the x-th sample is taken from the population, the exactly 

k-th desired sample is selected?” NB distribution has a 
mean of αβ and variance of αβ2, allowing NB to be more 
flexible than the Poisson distribution. The formula used 
for regression differs slightly from the distribution by in-
cluding the mean term in the model specification [Hilbe, 
2011]. The reason for using other mixture models, such 
as the β-binomial distribution, becomes clear. These 
models also have zero-inflated and hurdle versions for 
further flexibility to fit the data. Finally, a model that may 
have other-than-zero inflation part, with an unlimited 
number and types of models is called a generic mixture 
model, and it provides an outstanding flexibility to fit the 
data [Gilthorpe et al., 2009].

Justification and Interpretation of the Models in 
Caries Researches

At least 2 levels can be discussed when a researcher is 
justifying a model – model level and factor level. On the 
model level, one of the most traditional goodness-of-fit 
measures, the coefficient of determination R2, describes 
how likely the independent variable is to explain the de-
pendent variable in a linear relationship in multivariate 
linear regression. It is numerically equal to the fraction of 
variance explained [Miller and Miller, 2015]. A number 
of pseudo-R2 measures have been developed for other 
types of regression, such as Nagelkerke R2 [Nagelkerke, 
1991] for logistic regression. Pseudo-R2 measures do not 
usually represent the fraction of variance explained [Mit-
tlbock and Schemper, 1996], but they may still be inter-
preted to explain the proportion of variation [Nagelkerke, 
1991].

Goodness-of-fit measures developed from informa-
tion theory have gained more attention on model selec-
tion in oral epidemiological studies published in recent 
years. The use of information theory in statistical model-
ling should be studied for proper application and inter-
pretations. Suppose there are many messages to be sent 
from one location to another (A to B). Each message is 
written in a language with the number of available “codes” 
equal to n. Suppose it is not possible to directly transmit 
the message but only strings of binary digits, 0 or 1, known 
as “bits.” The mean number of bits (string length) re-
quired to transmit English messages (n = 26), is therefore 
log226 or approximately 4.7 or 5 to the nearest larger in-
teger. One natural choice of coding policy may be a one-
to-one arrangement, meaning letter A is encoded as 
00001 and Z as 11010, for instance. It is also known that 
not all letters are used with equal frequency. To reduce 
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the string length, the coding system may allow a shorter 
string for frequently used letters without messing up oth-
er codes. Let pi be the probability of the i-th letter being 
used in a message, Shannon [1948] defined information 
entropy as:

2
1

log
n

i i
i

H p p ,
=

=-å  (10)

which is also equal to the minimal mean string length re-
quired. Assume that the true values of p are not known, 
but another set of approximately equal probabilities can 
be obtained somehow (for example, by sampling some 
messages), denoted by q. Obviously, a coding policy using 
q will result in longer strings for the messages in long run. 
The mean string length using the coding system with q is 
equal to:

2
1

log
n

i i
i

p q ,
=

-å  (11)

which is defined as cross entropy [Good, 1963]. The 
Akaike information criterion can be understood as the 
criterion that the choice of parameters of a model should 
minimize the expected cross entropy of the MLE relative 
to the “true” model of the data [Akaike, 1998]. Other in-
formation criteria may be applied in different modelling 
situations, and they usually extend the Akaike informa-
tion criterion in their respective contexts. For example, 
the Bayesian information criterion was developed from 
behaviours of Bayes estimators [Schwarz, 1978]. The qua-
si-likelihood information criterion was developed for 
generalized estimating equations, in which no “true” 
model existed [Pan, 2001]. These information criteria de-
scribe how close the estimated values are from the statis-
tical model to the observed. Concerning Shmueli’s [2010] 
objectives of statistical modelling, these information cri-
teria measures should be interpreted as the descriptive 
power of the models given the data set collected by the 
researchers.

In caries researches, however, goodness-of-fit mea-
sures are not routinely reported. Among 15 papers on 
childhood dental caries modelled with ZIP or zero-inflat-
ed NB that were published in or before 2011, over half did 
not report on goodness of fit [Preisser et al., 2012]. We also 
noticed that none of the studies mentioned in the PRRVE 
section above reported any model fit measures. Dental re-
searchers are generally less interested in model fit and 
model structures, but more so in factors in overall effects 
[Preisser et al., 2012]. The probability interpretation of the 
constant rate across time in Poisson regression (see the 
Appendix) and NB regression, regardless of the Poisson-γ 

mixture or waiting time perspective, is seldom discussed 
in the dental literature. One recent study proposed that 
hurdle models were easier to interpret than zero-inflated 
models [Hofstetter et al., 2016]. Another study proposed 
that the “spell” parameter in the generalized NB model 
may match the biological development of dental caries 
[Vergnes et al., 2017]. These 2 studies are examples of the 
struggle to find a good common ground for both statistical 
model reasoning and dental interpretation.

On the factor level, independent variables may be ei-
ther included or excluded through a prescribed process, 
which may be known as subset selection [Hastie et al., 
2009]. Backward, forward, and stepwise methods are 
common in oral epidemiological studies. This method 
has been criticized for letting the computer select the rel-
evant factors without considering their scientific values 
[Greenland, 2000]. It is also interesting that the stopping 
criteria for determining the final model are arbitrary. For 
example, some studies chose the final model by including 
all independent variables with their p values less than a 
predetermined value, such as 0.20 [Marques et al., 2017], 
or maximizing some model fit criteria, such as the ad-
justed R2 value [Petrie et al., 2002a] or χ2 statistic in logis-
tic regression [Lee and Koval, 1997]. Researchers should 
note that there is no guarantee that the subset selection 
procedure will yield the best model from all possible com-
binations of factors [Hastie et al., 2009], but only a “rea-
sonably good” model.

The best-fit model is not always interpreted as the best 
model. Using Shmueli’s [2010] classification, the objec-
tives of many caries researches included in this review 
may be described as descriptive. Explanatory models us-
ing factor analysis and structural equation models are not 
uncommon. Predictive models are more commonly ap-
plied in patient level caries risk assessment, with tech-
niques including the neural network and support vector 
machine, but are less common in community level stud-
ies. To serve these objectives, it is tempting to use more 
advanced, more flexible, more complicated models for a 
better fit of the data in hand. Restricted cubic spline mod-
els [Liang et al., 2016], for example, allow a more flexible 
model shape. On the other hand, some researchers prefer 
more parsimonious models. Principal component analy-
sis [Shaffer et al., 2013], for example, aims at reducing 
independent factors by creating new variables which cap-
ture the features of these factors better. While adopting a 
better-fit model is not wrong per se, researchers must pay 
attention to the possible overfit problem when more ad-
vanced and complex modelling techniques are applied. If 
the interpretation of a complex model does not match 
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with its statistical meaning within its mathematical struc-
ture, the added complexity could be misused for its flex-
ibility, and problems including overfit may arise [Hastie 
et al., 2009].

Conclusion

There are many working distributions and modelling 
techniques available for modelling caries distribution in 
a community. This paper presents PRRVE, zero-inflated 
models, and hurdle models, and acknowledges their as-
sumptions, pros, and cons which the applied statisticians 
must pay attention to. Some techniques for model selec-
tion are presented, on both the model level (such as good-
ness of fit) and factor level (such as subset selection). The 
interpretation of statistical models in caries research is 
largely emphasized on the factor level and seldom on the 
model level. With more advanced statistical models de-
veloped from time to time, researchers must be cautious 
about possible statistical and dental misinterpretation. 

Appendix

Assume that we have to describe a probability model as follows: 
n men were sampled and examined in an oral epidemiological 
study. Assume that each man has the same probability p of having 
at least 1 carious tooth. The probability of a man being caries free 
is therefore 1 – p, and the number of caries-free teeth is n – x. The 
probability that there are exactly x men in our sample having at 
least 1 carious tooth can be said to follow a binomial distribution:

( ) ( )P 1 .
n xxn

X x p p
x

-æ ö÷ç ÷= = -ç ÷ç ÷çè ø
 (12)

The mean and the variance of these distributions are np and 
np(1 – p), respectively.

With an assumption of a small p, equation 12 can be approxi-
mated to be a Poisson distribution:
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x

��- -
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where λ = np. Although there is no consensus on how small p can 
be, some introductory statistics text may recommend p < 0.05 if  
n > 20 [Miller and Miller, 2015]. Since p is small, 1 – p tends to be 
equal to 1. Therefore, the mean and variance of the Poisson distri-
bution are both equal to λ, which can also be proved using a math-
ematical derivation such as the moment-generating function. The 
parameter λ in the Poisson distribution can be interpreted as the 
number of events happening per unit time, meaning that an event 
happening in an expected rate of λ.

Now we turn our interest to the time required until k events 
have happened. The required probability mass function is:
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Differentiating both sides with respect to t results in the prob-
ability density function:
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where Γ(k) = (k – 1)! This expression is said to follow gamma dis-
tribution. There are at least 2 ways to define gamma distribution:
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Hence, the probability density function of the Poisson waiting time 
follows gamma distribution with α = k and β = 1/λ if the first defi-
nition is adopted, or the same α but β = λ if the second definition 
is adopted. The first definition was adopted in this paper for the 
following derivation.

If λ of a Poisson distribution is modelled by a gamma distribu-
tion with parameters α and β, the joint probability density distribu-
tion function is:
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The required marginal probability density distribution func-
tion:
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which is said to be an NB distribution with mean µ = αβ and vari-
ance αβ + αβ2 = μ + μ2/α.

So far we have only considered the probability density func-
tions of Poisson, gamma and NB distributions. The regression 
models for those distributions are different, but more complicated 
and less intuitive. One point to note for the derivation of an NB 
regression model is that the gamma distribution is assumed to be 
1 parameter with mean equal to 1, meaning αβ = 1 and variance = 
αβ2 = β(αβ) = β, or β = κ = 1/θ in Greene [2008] and β = ν in Hilbe 
[2011], with the name “scale parameter.”
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